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Abstract: The main result of this paper is that the Weyl anomaly of a z = 2 (1+1)-
dimensional Lifshitz effective action can be derived from a (2+1)-dimensional non-relativistic
Schro¨dinger-invariant Chern-Simons (NRSCS) action which was shown to be equivalent to
a specific Weyl-invariant non-projectable Horava-Lifshitz action of gravity. On a manifold
with a boundary, we will show that the (1+1)-dimensional Lifshitz Weyl anomaly can be
derived from a specific term, the torsional CS (tCS) term, in the NRSCS action built from
the gauge fields of the Weyl and special conformal symmetry generators of the centrally-
extended Schro¨dinger algebra. We also focus on the z = 1 Lifshitz Weyl anomaly and
attempt to elicit its geometric and physical nature, in particular its relationship with the
Lorentz anomaly of a (1+1)-dimensional CFT effective actions. We show that it is directly
related to the curvature scalar of the dual Lorentz connection d ? ω, the integral of which
is known to be a topological invariant. We also point out that making the anomalous Lif-
shitz quantum effective action Weyl-invariant amounts to obtaining the equation of motion
for a stationary chiral boson which happens to be the spatial-component of the accelera-
tion vector. By putting boundary conditions on the spatial slices, the time dependence of
the lapse function in the Arnowitt, Deser and Misner (ADM) decomposition is eliminated
and the result is a Rindler metric. We finally discuss several issues related to the (1+1)-
dimensional Lifshitz Weyl anomaly regarding edge physics of fractional quantum Hall states
and anomaly cancellation by anomaly inflow.
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1 Introduction
Anomalies are symmetries of the classical action that are broken at the quantum level.
Gravitational anomalies of one-loop quantum effective actions arise after coupling classical
field theories to curved background geometry and integrating out all dynamical fields in
the partition function. Since the quantum energy-momentum tensor, by definition, encodes
the response of effective actions to infinitesimal variations in the underlying background
metric, they are the central objects in studying gravitational anomalies. In particular, a
gravitational conformal (or Weyl anomaly) is the statement that the quantum effective
action is not invariant under local rescaling of the background metric. The trace of the
expectation value of the energy-momentum tensor is the canonical test of whether the
theory is Weyl anomalous or not. If the trace is non-zero, the quantum theory suffers a
conformal anomaly.
Recently, there has been a considerable level of activity in studying Weyl anomalies in
non-relativistic field theories [1–10]. Non-relativistic field theories do not place space and
– 1 –
time on an equal footing and thus introduce a degree of anisotropy between them. Lifshitz
field theories are important examples of non-relativistic theories which are locally sym-
metric under foliation-preserving diffeomorphism (FPD), as opposed to full diffeomorphism
invariance in relativistic theories of gravity, and anisotropic Weyl scaling transformations
characterized by a dynamical scaling exponent z. In FPD-invariant theories, the spacetime
is naturally foliated into equal-time slices with a smooth timelike 1-form nµ normal to the
foliation leaves which is normalized by the spacetime metric gµν . Along with Schrodinger
field theories, they are used to study and characterize several condensed matter systems
near or at the quantum critical points [11–13].
Studying quantum anomalies of non-relativistic field theories typically requires coupling
to non-relativistic geometries. Newton-Cartan (NC) spacetime with a torsion tensor, or
torsional NC geometry (TNC) has recently been the focus of intense study. TNC geometry
has appeared in different physical setups, for example, in boundary effective actions of
non-relativistic holographic theories [14–16] and in effective field theories of quantum Hall
states [17, 18]. Weyl-invariant field theories coupled to flat NC spacetime were constructed
in [19, 20].
Recently, Weyl anomalies of Lifshitz field theories coupled to NC geometry with tem-
poral torsion, where the 1-form nµ satisfies the Frobenius condition, n∧ dn = 0, have been
calculated in several spacetime dimensions and for multiple values of the scaling exponent
z by solving the Wess-Zumino consistency condition [3]. It was found in [3] that while the
conformal anomalies of (1+1)-dimensional relativistic conformal field theories are type-A,
those of Lifshitz field theories belong to type-B. Anomalies in the latter class satisfy trivial
descent equations, or equivalently, consist of Weyl-invariant scalar densities with effective
actions that are scale-dependent.
In 1+1 dimensions, which is the focus of this paper, and for any value of z, only one
trivial descent anomaly i.e. a trivial descent cocyle modulo a coboundary term, was found in
the parity-odd, mixed-derivative sector of the 1+1 Lifshitz cohomology of the relative Weyl
operator [3]. The rest of the cocycles were shown to be trivial descent coboundaries and
thus, can be removed by local counterterms. Also, the (1+1)-dimensional Weyl anomaly
breaks time-reversal invariance. Using the ADM coordinates, we will illustrate that the 1+1
Lifshitz Weyl anomaly can be directly interpreted as the curvature of the torsion 1-form aµ
in the TNC geometry. In terms of the lapse function N(x, t) of the ADM parametrization,
we will see that the anomalous degree of freedom is a direct consequence of the time-
dependence of the lapse function. Hence, the presence of this 1+1 Lifshitz Weyl anomaly
necessarily implies that energy is not conserved in the system. More concretely, we will
show that the x-component of the torsion (or acceleration) vector of the NC geometry
defined by ax(x, t) =
∂xN(x,t)
N(x,t) , is not conserved as a result of the Weyl anomaly, and hence
it physically represents jerk in the system.
In a separate yet related track, Horava-Lifshitz (HL) theories of gravity have been
introduced as a power-counting renormalizable non-relativistic quantum theory of gravity
with anisotropic scaling symmetry [21, 22]. The key idea behind HL gravity theories is
that by introducing terms with higher spatial derivatives, the ultraviolet (UV) behavior
of the graviton propagator is improved and the theory eventually becomes power-counting
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renormalizable. When the number of spatial dimensions equals the dynamical scaling ex-
ponent z, Weyl-invariant actions can be found. HL actions break the principle of general
covariance by foliating spacetime with space-like surfaces and introducing extra geometric
data that affect the number and dynamics of degrees of freedom in the theory. As a result,
not only do they describe the dynamics of the helicity-2 modes of the spatial metric but
also an extra helicity-0 scalar mode. Since this foliation mode is an excitation of the global
time, it is usually called a scalar khronon [23]. Therefore, it is natural to expect that grav-
itational Weyl anomalies of Lifshitz quantum effective actions coupled to background NC
geometry with temporal torsion will somehow encode this extra foliation structure. In fact,
this is precisely what 1+1 Lifshitz Weyl anomaly encodes: the time derivative of the lapse
function in the ADM (or unitary gauge) or two time derivatives of the khronon field in a
general coordinate system [23]. It is well known that the breaking of general covariance
in HL gravity theories leads to infrared instablities which has cosmological implications as
shown in [24].
The connection between dynamical NC geometry, with and without torsion, to HL
gravity theories was demonstrated in [25]. More specifically, it was shown that dynamical
NC geometries without torsion gives rise to projectable HL gravity while those with twistless
torsion (TTNC) i.e. those that obey the Frobenius condition and do not allow torsion on
the spatial slices, give rise to the non-projectable version of HL gravity. Projectable HL
gravity theories are those where the lapse function in the ADM decomposition of spacetime
is only dependent on time, i.e. N(t) whereas the non-projectable version emerges when
it is a function of both space and time, i.e. N(x, t) and hence contain the acceleration
vector as a dynamical quantity. Weyl-invariant theories of HL gravity can only be non-
projectable [26]. Gauging a symmetry algebra is tightly related to spacetime geometry.
Just as gauging the Poincare algebra gives rise to Riemannian geometry that couples to
relativistic field theories, it was shown in [27] and [28] that gauging the Bargmann and
Schrodinger algebras leads to NC geometries without and with torsion respectively. More
specifically, as noted in [25], adding torsion to the NC geometry amounts to making it
locally scale-invariant by gauging the Schrodinger algebra. Therefore, it stands to reason
that the 1+1 Lifshitz anomaly is directly linked to the torsion vector of the NC geometry,
which as shown in [25], maps directly to the acceleration vector in HL gravity theories.
By gauging the non-relativistic Bargmann and centrally-extended Schrodinger algebras,
the authors in [29] constructed a (2+1)-dimensional non-relativistic Bargmann-invariant
and Schro¨dinger-invariant Chern-Simons (NRSCS) actions, respectively. While the former
gives projectable HL theory of gravity, the latter, which is the focus of this paper, is equiv-
alent to z = 2 conformal i.e Weyl-invariant non-projectable HL gravity. CS actions are
known to be gauge-invariant up to total derivative terms. On manifolds with boundaries,
these total derivative terms can generate anomalies of boundary quantum effective actions.
For example, in the context of AdS/CFT, under a diffeomorphism or Lorentz transforma-
tion, the boundary term of the gravitational CS (gCS) action added to a three-dimensional
on-shell gravitational action generates a diffeomorphism or Lorentz anomaly, respectively,
of a two-dimensional boundary CFT effective action [30]. Analogously, by placing the
NRSCS action on a manifold with a boundary, it will be shown in this paper that under a
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Weyl transformation, the NRSCS action changes by a total derivative term that precisely
matches the boundary Weyl anomaly of a z = 2 Lifshitz effective action coupled to back-
ground TTNC geometry. This is the main result of this paper. More concretely, we will
show that the 1+1 Lifshitz Weyl anomaly can be derived holographically from a specific
term in the three-dimensional NRSCS action constructed from the gauge fields of the Weyl
and special conformal symmetry generators of the Schrodinger algebra. Throughout this
paper, we call this term the torsional CS (tCS) term. We will show that the tCS term
added to a three-dimensional Weyl-invariant HL gravity action plays a role similar to what
the gCS term plays when added to a three-dimensional diffeomorphism-invariant action.
We also focus in this paper on the z = 1 Lifshitz Weyl anomaly, where space and time
scale relativistically. This anomaly possesses some interesting properties. In addition to
being universal i.e. a z-independent anomaly in 1+1 dimensions, it was shown that it is
the Weyl partner of the Lorentz anomaly of 1+1 CFT effective actions [3]. To explicitly
demonstrate the latter property, the authors shifted the Lorentz anomaly of a 1+1 CFT
effective action Wconf[eaµ] where eaµ are the local orthonormal frame fields, into foliation
dependence, i.e. to dependence on nµ of the background foliation geometry. By doing so,
the original CFT effective actionWconf[eaµ] turns into a z = 1 FPD-invariant Lifshitz theory
and thus the physical content of the anomalous Ward identity, the expectation value of the
trace of the energy-momentum tensor with respect to eaµ,
〈
Tµ(e)µ
〉
, now reflects a Lifshitz
Weyl anomaly rather than a Lorentz anomaly of the original CFT effective action. In other
words, the anomalous local frame rotations of Wconf[eaµ] is exchanged for anomalous Weyl
transformations of the foliation geometry.
One of the goals of this paper is to further elicit the unique relationship between the
z = 1 Lifshitz Weyl anomaly and Lorentz anomaly in 1+1 dimensions. First, we will
illustrate that the
〈
Tµ(e)µ
〉
can be interpreted as the scalar curvature of the dual Lorentz
connection 1-form in a local two-dimensional gravity theory with conformal and Lorentz
anomalies constructed in [31]. In addition, we will show that restoring the local Weyl
symmetry of the Weyl-anomalous effective action W [eaµ], where eaµ are the frame fields,
eliminates the gauge redundancy associated with the time dependence of the lapse function
and thus makes ax a conserved quantity. Insisting on the Weyl invariance ofW [eaµ] amounts
to solving an equation of motion for a chiral boson at rest after imposing appropriate
appropriate boundary conditions at the spatial boundaries. We show that solving this
equation yields the Rindler metric for hyperbolically accelerated observers.
This paper is organized as follows. In Section 2.1, we give the basic definitions of NC
geometry with temporal torsion required for the discussion in the paper. In Section 2.2, after
introducing the ADM coordinates, we define the torsion and curvature tensors and give the
expression of the anomalous Ward identity for the Lifshitz Weyl symmetry. In Section 2.3,
we use the ADM gauge to elicit the geometric properties of the 1+1 Lifshitz Weyl anomaly.
In Section 3, we proceed to demonstrate the main result of this paper where we will show
how the 1+1-dimensional Lifshitz Weyl anomaly can be derived from the torsional Chern-
Simons (tCS) term in (2+1)-dimensional NRSCS action and how the tCS term added to the
Weyl-invariant HL gravity action plays a role similar to what the gCS term plays when added
to a three-dimensional diffeomorphism-invariant action. In Section 4.1, we shift our focus
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on the z = 1 Lifshitz Weyl anomaly where we will first review its connection to the Lorentz
anomaly in 1+1 CFT effective action as pointed out in [3] and then show how it is related
to the scalar curvature of the dual Lorentz connection in a local two-dimensional gravity
theory with conformal and Lorentz anomalies. In Section 4.2, we discuss how canceling
the Weyl anomaly leads to an equation of motion for a stationary chiral boson which by
solving, we obtain the Rindler metric. We also use Darboux’s coordinates to explain how
as a result of canceling the Weyl anomaly, we get a symplectic manifold with a Hamiltonian
function and Hamiltonian vector field. In Section 5, we discuss several directions for future
work and open questions.
2 The (1+1)-dimensional Lifshitz Weyl Anomaly
In this section, after very briefly reviewing the basic structure of the NC spacetime geometry
with temporal torsion in Section 2.1, we introduce the ADM parametrization in Section
2.2 and then define the anomalous Lifshitz Ward identity before we get to discussing the
geometric nature of the Weyl anomaly, true for z ≥ 1, in Section 2.3. In Sections (4.1)
and (4.2), we focus on the z = 1 case. Throughout this section, the indices µ, ν refer to
spacetime coordinates and i, j to spatial ones. For the local tangent frame coordinates i.e.
vilbeins, a, b, · · · = 0, 1, . . . d and A,B = 1, . . . d are used to denote spacetime and spatial
indices, respectively. We closely follow the notations and conventions used in [3].
2.1 The Newton-Cartan (NC) Geometry
NC geometry, as opposed to Riemannian geometry in relativstic theories, is what couples
naturally to non-relativistic field theories. Anomalies in non-relativistic quantum field the-
ories coupled to NC geometry are prime examples of how the geometrical objects of the
NC geometry become manifest. In non-relativistic field theories, the time direction plays
a major role and spacetime is naturally foliated into equal-time slices or surfaces of simul-
taneity. Assuming the existence of a scalar field globally defined on the foliated spacetime
manifold, a smooth local vector field tµ normal to the foliation leaves and normalized by
the spacetime metric gµν given by nµ = tµ/
√|gβγtβtγ | is the most basic and intrinsic ge-
ometrical object defined on this manifold. Tangent vector fields to the foliation leaves are
then defined as the kernel of nµ i.e. they satisfy nµV µ = 0.
More formally, the basic geometrical structure on a D = (d+1)-dimensional NC man-
ifold M consists of an everywhere smooth temporal metric tµtν , a degenerate symmetric
spatial component hµν with signature (0,+, . . . ,+) i.e. corank-1 tensor [33] and a notion
of a covariant derivative ∇ all satisfying the following constraints
hµνtµ = 0, tµt
ν = −1, ∇µtν = ∇µγνλ = 0 . (2.1)
While the 1-form nµ provides a notion of a clock, its inverse nµ denotes the direction of
time often called the velocity field. Using the NC geometrical objects defined above, one
can construct a non-degenerate symmetric rank-2 tensor gµν with a Lorentzian signature
(-1,1,. . . 1) that has a temporal component nµnν as well as a spatial component γµν , i.e.
gµν = γµν − nµnν . Note that gµν is not a Lorentzian metric as it would normally be in
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a relativistic theory. For a more formal and thorough definition of the NC spacetime, see
[32, 33].
Following [25], there are three different constraints on the foliation 1-form nµ that each
give a different type of NC geometry:
(i) Torsionless NC geometry: dn = 0 where the connection Γλµν is torsionless
(ii) Twistless Torsion Newton-Cartan (TTNC) or temporal torsion geometry
∂µnν − ∂νnµ = aµnν − aνnµ , (2.2)
where the acceleration or torsion vector aµ is defined as the Lie derivative of the
foliation 1-form along the nµ velocity vector field nµ
aµ = Lnnµ , (2.3)
The TTNC constraint in (2.2) is an expression of the solution of the Frobenius con-
dition, an integrability condition that states a local 1-form defines a codimension-1
foliation if and only if it satisfies the following constraint:
n ∧ dn = 0 . (2.4)
Imposing the Frobenius condition means that it is always possible to find a coordinate
system in which the spacetime manifold is foliated into equal-time hypersurfaces or
foliation leavs Σt to which the unit time-like vector field nµ is orthogonal. The
Frobenius condition makes the TTNC spacetime causal in the sense that if it does
not hold, then each point p ∈ M , has a neighborhood within which all points are
spacelike separated. It is also important to mention that TTNC spacetimes, while
being causal, still lack the notion of an absolute time measured by all observes along
their worldlines. The difference between the total coordinate time measured by two
observers starting at different points on Σt1 and traveling to another time slice Σt2
along their respective wordlines is exactly the torsion in time dn = a ∧ n [33]. This
point is key to understanding the physical as well the geometrical meaning of the
Weyl anomaly.
(iii) Torsional NC or TNC geometry where nµ is not constrained and has therefore arbi-
trary torsion.
We will later see how the (1+1)-dimensional Lifshitz Weyl anomaly is directly related to
the TTNC geometry.
2.2 The ADM Parametrization
In the ADM decomposition, one chooses coordinates (t, xi) such that the leaves of the
foliation are given by constant-time slices t = const and xi for the coordinates in each leaf.
The ADM metric assumes a frame, the unitary or synchronous gauge where the time of the
spatial foliation hypersurfaces coincides with coordinate time t such that nt = N(x, t) and
– 6 –
ni = 0 and the result is a spacetime metric with a well-defined notion of global time. In
this gauge, the ADM metric describes the TTNC geometry where the Frobenius condition
given in (2.4) is automatically satisfied. In these preferred coordinates, the metric gµν =
γµν − nµnν takes the form 1
gµν =
(
gtt gti
gjt gii
)
=
(
−N2 +N iNi Ni
Nj hij
)
, (2.5)
while the components of the inverse metric are given by
gµν =
(
gtt gti
gjt gii
)
=
(
− 1
N2
N i
N2
Nj
N2
hij − N iNj
N2
)
, (2.6)
where hij is the induced metric on the foliation leaves, N i is the shift vector and N(x, t) is
the lapse function. The covariant volume element in these coordinates is given by:
√−g d(d+1)x = N
√
h dt ddx. (2.7)
The timelike normal to the foliation is given by
nµ = N(−1, 0) ,
nµ =
1
N
(1,−N i) .
(2.8)
In d spatial dimensions, the Lie derivative of a foliation tangent tensor Vijk... is given by
LnVijk... = 1
N
∂tVijk... − 1
N
L(d)~N Vijk... , (2.9)
where L(d)~N is the Lie derivative inside the foliation leaf taken along the direction of the shift
vector N i.
In 1+1 dimensions, the extrinsic curvature tensor is simply given by
Kxx =
1
2N
(∂thxx) . (2.10)
whereas the x-component of the acceleration vector in 1+1 dimensions is given by
ax =
∂xN
N
. (2.11)
and the temporal component is at = Nxax. In 1+1 dimensions, with a non-zero shift vector
Nx, the ADM metric is given by 2
ds2 = −N2 dt2 +Nx dxdt+ hxx dx2 . (2.12)
We will later discuss the consequences of having a non-zero at with a constant Nx. In
1+1 spacetime dimensions with a zero shift vector, the spacetime metric has only two
degrees of freedom: the lapse function N(x, t) and the spatial metric hij . The spatial
metric hij is a rank-0 tensor, i.e. a function hxx(x, t). The volume element dV is then√−g dt dx = N√h dt dx .
1For details on how the ADM metric is obtained from the fundamental NC objects in the process of
gauging the Bargmann algebra, see section 8 in [25].
2By working in the ADM preferred coordinates, the shift vector Nx can always be removed by an FPD
transformation.
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2.3 The 1+1 Weyl Anomaly And Anomalous Ward Identity
In this section, we attempt to illustrate the geometric nature of the 1+1-dimensional Lif-
shitz Weyl anomaly and how it is closely related to the NC geometry with temporal torsion.
To that effect, we use the ADM coordinates to define some basic TTNC objects required
to understand the geometric nature of the 1+1 Weyl anomaly. As mentioned in the intro-
duction, dynamical TTNC gives rises to non-projectable Horava-Lifshitz theory of gravity.
Since this approach is useful for our purposes in this section, we use some of the definitions
in [16] and [25].
The antisymmetric part of the torsion tensor Γλµν , is expressed as
Γλ[µν] = n
λ∂[µnν] = n
λa[µnν] = n
λRµν(H) , (2.13)
where Rµν(H) is the curvature 2-form of nν defined as the gauge field of the generator of
time translation symmetry, i.e. the Hamiltonian (H)
R(H) = (∂µnν − ∂νnµ) dxµ ∧ dxν . (2.14)
In 1+1 spacetime dimensions, imposing the Frobenius condition and using the ADM gauge,
the only non-vanishing component of the torsion 2-form Γ as defined by equation (2.27) in
[25] is given by
Γ =
1
2
Γt[xt] dx ∧ dt = nt(axnt − atnx) dx ∧ dt = ax dx ∧ dt =
∂xN(x, t)
N(x, t)
dx ∧ dt , (2.15)
Equivalently,
R(H) =
1
2
ntΓ
t
[xt] dx∧dt = (axnt−atnx) dt∧dx = (axnt) dx∧dt = Rxt(H) dx∧dt . (2.16)
Now we can see that in torsionless NC geometry, dn is a closed 1-form, i.e. dn = 0 that
corresponds to Rµν(H) = 0. This, in turn, translates to zero curvature in the gauge field
i.e. a flat connection, corresponding to the time translation symmetry generated by the
Hamiltonian. On the other hand, the TTNC case corresponds to a non-zero Rµν(H) or
dn 6= 0. The Frobenius condition then tells us that this curvature is given by the torsion
tensor aµ: ∂[µnν] = a[µnν]. Lifshitz field theories with classical Weyl invariance couple to
TTNC geometry and the Weyl anomaly will be directly related to this torsion or acceleration
vector field.
To derive the anomalous Ward identity, we start with a classical action S[φ,Ni, hij ]
with matter fields φ coupled to background TTNC geometry and which is invariant under
infinitesimal anisotropic local Weyl transformation with scaling exponent z
δN = zσN, hij = 2σhij , (2.17)
where σ(x, t) is the infinitesimal Weyl transformation parameter. Quantum mechanically,
however the regularization of UV infinities of the partition function Z = e−W [N,Ni,hij ] =
e−W [N,Ni,hij ] breaks the local Weyl invariance of the quantum effective action W [N,hij ]
– 8 –
resulting in a Weyl anomaly. More concretely, the presence of a Weyl anomaly in the
effective action necessarily means that
δW =
∫
N
√
h dt dx σA , (2.18)
where quantum mechanically A is given by the expectation values of the trace of the energy-
momentum tensor
A = z〈E〉+ 〈P ii 〉 = z
〈
T tt
〉
+ 〈T xx 〉 6= 0 . (2.19)
It is important to note that although [3] in their cohomological classification does not
explicitly say that the background geometry to which they couple the Lifshitz theory is
a TTNC spacetime, it actually implicitly is. For the cohomological classification of Weyl
anomalies in FPD-invariant Lifshitz field theories in all spacetime dimensions, the foliation
1-form nµ satisfies the Frobenius condition which is the key defining property of TTNC
geometry. Section 2.4 of [5] contains more information on the relationship between the
notations and conventions used in [3] and standard NC geometry.
We now move to demonstrate the geometric and physical nature of the Lifshitz Weyl
anomaly after rewriting it in terms of the ADM coordinates defined above. We emphasize
that the discussion in this section is valid for all values of z. We will present two different
yet related pictures. While the first stresses that nµ and nµ are the fundamental objects
in the TTNC geometry, the second one stresses the key role of the torsion vector itself aµ
in generating the Lifshitz Weyl anomaly. The latter picture will turn out to be useful in
Section 3 and Section 5 when the anomaly is derived from the (2+1)-dimensional NRSCS
action.
2.3.1 The 1-form Picture
In terms of the ADM gauge in (2.8) and (2.9), the Weyl anomaly is given by the variation
of the one-loop effective action of the (1+1)-dimensional Lifshitz effective action W [g]
δW =
∫ √−g σ ˜µ Lnaµ (2.20)
=
∫ √−g σ nxxt Lnat + nttx Lnax
=
∫ √−g σ nt Lnax ,
where ˜µ = nααµ is the foliation-projected Levi-Civita tensor, tx = 1, at = Nxax = 0, and
σ(x, t) is the Weyl transformation parameter. Using the definition of the Lie derivative in
(2.11), the Weyl anomaly is given by
δW = −
∫
dtdx N2
√
hσLnax (2.21)
= −
∫
dtdx N
√
hσ
(
∂ax
∂t
)
.
– 9 –
In terms of the lapse function N(x, t), using (2.16) and (2.15), it takes the following form
δW = −
∫
dtdx N
√
hσ
(
1
N
∂t∂xN − 1
N2
∂tN∂xN
)
= −
∫
dtdx N
√
hσ
(
1
N
∂tRxt(H)− 1
N
∂tNax
)
= −
∫
dtdx
√
hσ (∂tRxt(H)− ∂tNax) . (2.22)
Expressing 〈Tµµ (x)〉 = ˜µ Lnaµ in terms of local tangent frame coordinates and using dif-
ferential forms will better reveal its geometric nature. Using that the vielbeins for the
temporal and spatial components of the NC metric gµν = γµν − nµnν can be expressed as
nµν = nµnν , hµν = eµ
AδABeν
B , (2.23)
the vielbeins for the ADM metric in 1+1 dimensions in (2.12) are then given by
n = Ndt, e1 = (Nxdt+ e1xdx) , (2.24)
and the torsion coefficients are given by
dn = (∂xN) dx ∧ dt = ∂1N
N
e1 ∧ n (2.25)
de1 =
(
∂xN
x
2N
− e
x
1∂te
1
x
2N
)
e1 ∧ n = −K
2
e1 ∧ n ,
whereK is the trace of the extrinsic curvature tensor defined in (2.10). We now use Cartan’s
formula LXdω = dLXω, which relates the Lie derivative along a vector field X of a k-form
dω to the exterior derivative of the (k − 1)-form LX ω. Acting with the Lie derivative on
dn along nµ, we get
Ln (dn) = dLn n = dLn (N dt) (2.26)
= d(
1
N
∂tN −Nx∂xax)dt
= (∂tax)dt ∧ dx ,
where we used the definition of the Lie derivative in (2.9) and (2.11) and chose Nx to be
zero. The expectation value of the energy-momentum tensor is therefore given by
z
〈
T tt
〉
+ 〈T xx 〉 = ∂tax = ∂t
(
Rxt(H)
N(x, t)
)
. (2.27)
From equations (2.26) and (2.27), we can see that the 1+1 Lifshitz Weyl anomaly, in the
1-form picture, is naturally given by the time derivative of the curvature of the timelike
foliation 1-form nµ or equivalently as the time derivative of ax, the solution of the Frobe-
nius condition (2.16). This makes explicit the relationship between TTNC geometry, the
Frobenius condition and the role they both play in the generating the 1+1 Lifshitz Weyl
anomaly.
– 10 –
2.3.2 The 2-form Picture
In the 2-form picture, the torsion vector is expressed as a 1-form
a = aµdx
µ = at dt+ ax dx . (2.28)
The curvature 2-form Dµν of the torsion 1-form aµ is then given by
D = da =
(
∂at
∂x
− ∂ax
∂t
)
dx ∧ dt . (2.29)
Using at = Nxax, da can be expressed as:
da =
(
∂ax
∂t
−Nx∂ax
∂x
)
dt ∧ dx . (2.30)
Setting at = 0 or equivalently, Nx = 0, we get
da =
(
∂ax
∂t
)
dt ∧ dx . (2.31)
which illustrates the 1+1 Lifshitz Weyl anomaly can be directly interpreted as the curvature
of the torsion 1-form aµ. We can clearly see that the anomalous gravitational degree
of freedom is a direct consequence of the time-dependence of the lapse function N(x, t).
Hence, the presence of this 1+1 Lifshitz Weyl anomaly necessarily implies that energy is
not conserved in the system. Equivalently, since the acceleration vector is time-dependent,
the system experiences jerk. To get an intuitive interpretation of this Weyl anomaly and
what it physically implies, we use the picture of Lie dragging in Fig. 1. Expressed in this
way, aµ is the principal G-connection 1-form on a principal G-bundle P over a smooth
manifold M with values in the Lie algebra g of G while Dµν is its curvature form. The
associated vector bundle in our case, is the dual or cotangent frame bundle over M . In
Section 3.3, we will see that G = SO+(1, 1), the identity component of the indefinite
orthogonal group SO(1, 1) of area-preserving squeeze transformations which also happens
to be the restricted group of Lorentz boosts in 1+1 dimensions.
As we will also point out in Section 3, in the process of gauging the Schro¨dinger
algebra in 2+1 dimensions, the torsion 1-form aµ appears as the gauge connection of the
Weyl symmetry and thus it is natural to expect that the Weyl anomaly would involve the
curvature da.
3 Derivation of the Weyl Anomaly From the NRSCS Action
In this section, we derive the z = 2 Lifshitz Weyl anomaly from a 2+1-dimensional (3D)
non-relativistic Schro¨dinger-invariant Chern-Simons action on a manifold with a bound-
ary. The boundary theory is a z = 2 Lifshitz theory coupled to TTNC geometry. This
3D NRSCS action was recently constructed by gauging the centrally-extended Schro¨dinger
algebra which made dynamical the TTNC geometry. In the metric formalism, it was then
shown that the NRSCS action is indeed equivalent to a three-dimensional non-projectable
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Figure 1: Geometrical depiction of the Weyl anomaly. Lie dragging the tangent vector
ax(x, t)∂x with end points x1 and x2 defined on a spatial slice Σt at coordinate time t
to another slice Σt+dt using the diffeomorphism fdt associated with the vector nµ = Ndt.
The points x1 and x2 are Lie dragged to fdt(x1) and fdt(x2) respectively, while the vector
ax(x, t)∂x is dragged to ax(x, t + dt)∂x. The Lie derivative of the vector ax(x, t)∂x along
nµ is then the difference between actual value of the vector at fdt and its value as a result
of the Lie drag at fdt(x2). The difference is the Weyl anomaly dt ∂tax. Notice that as a
result of the Weyl anomaly, the vector ax on Σt has been scaled on Σt+dt and therefore the
spacetime area (x2 − x1)dt has been squeezed.
z = 2 conformal or Weyl-invariant HL theory of gravity which is the counterpart of rela-
tivistic conformal gravity. As we will discuss below, this NRSCS action contains two terms
which do not contribute to the solution of the bulk equation of motion. In this section,
we place the 3D NRSCS action on a manifold with boundary and show that one of these
two terms, the tCS term, does in fact generate the z = 2 (1+1)-dimensional Lifshitz Weyl
anomaly in (2.20). In fact, the authors in [29] wondered if one of these two terms would cor-
respond to a boundary Weyl anomaly. Let us emphasize again that the (1+1)-dimensional
Lifshitz Weyl anomaly we are discussing in this paper is universal i.e. true for all values of
z. Therefore, throughout the discussion in this section, the relevant dual boundary theory
is a z = 2 Lifshitz theory with a background TTNC geometry.
3.1 Key Proprties of the NRSCS Action
By gauging the extended Schordinger algebra, i.e. by letting the gauge field A take its value
in the centrally-extended Schro¨dinger algebra, A can be expanded as a linear combination
of the generators of the Schro¨dinger group [29]
A = Hτ + Pae
a +Gaω
a + Jω +Nm+Wa+Kf
+Sζ + Y α+ Zβ , (3.1)
where H, Pa, Ga, J , N , W , K are the generators of time translations (the Hamiltonian),
momentum translation, Galilean boosts, rotations, central element, Weyl transformations
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and special conformal transformations, respectively.3 The three central extensions of the
Schro¨dinger group are S, Y and Z respectively. Using the metric on this non semi-simple
Lie algebra, the NRSCS action as given in [29] is
SNRSCS [A] =
k
4pi
∫
M
Tr
[
A ∧ dA+ 2
3
A ∧A ∧A
]
=
k
2pi
∫
M
Tr c1LNRSCS+c2 [a ∧ da− τ ∧ df + 2a ∧ τ ∧ f ] + 2c3ω ∧ dω(3.2)
=
k
2pi
∫
M
Tr c1LNRSCS + c2 LtCS + 2c3ω ∧ dω , (3.3)
which for c2 = c3 = 0 is equivalent to a bulk 3D action of non-projectable conformal HL
gravity. The arbitrary constants ci are defined in terms of the symmetric bilinear form
invariant under the Schro¨dinger algebra, i.e. B(Vi, Vj) = ci and Vi is a generator of the
algebra. For example, B(D,D) = 2c2. A key observation is that aµ is the gauge field
of the dilatation symmetry. The curvature of the torsion vector is given by Rµν(D) =
da − 2df where fµ is the gauge field associated with the generator of special conformal
transformationsK. (In this sectionK is not the trace of the extrinsic curvature). Therefore,
one should expect that a boundary Weyl anomaly would be generated by the tCS term in
the action.
With c2 = c3 = 0, the NRSCS action (3.1), satisfies a bulk equation of motion F =
dA + A ∧ A = 0 that gives a z = 2 Lifshitz metric ds2 = −dt2
r4
+ dr
2
r2
+ dx
2
r2
. Therefore,
the bulk theory represented by the NRSCS action is Weyl-invariant. However, the tCS
term whose coefficient is c2, transforms under the SL(2,R) subgroup of the Schro¨dinger
algebra and as discussed in [29] cannot be removed by a field redefinition and therefore, as
noted in [29], it may lead to a Weyl anomaly at the boundary. The tCS term is an Abelian
CS term composed entirely of aµ, the gauge connection of the local Weyl symmetry and
therefore, under a Weyl transformation on a manifold with a boundary, it is natural to
expect that the total derivative term leads to a Weyl anomaly of the boundary effective
action. In other words, the sole contribution of the tCS term when added to an on-shell
bulk HL theory of gravity is to generate the Weyl anomaly of the dual boundary theory
since, as discussed above, it does not contribute to the solution of the bulk z = 2 HL gravity
theory. It may be worth pointing out that the SL(2,R) is isomorphic to SO+(2, 1) which
is the group of Lorentz transformation in three dimensions. At the boundary, where there
is a Weyl anomaly, the torsion 1-form aµ transforms under SO+(1, 1) as we explained in
the previous section. Recently, it was shown that the NRSCS action can be reformulated
into a manifestly 3D relativistic form due to the presence of the SL(2, R) subalgebra in
the extended Schroedinger algebra [34] and therefore can be interpreted as a relativistic CS
theory.
3The generator of scale or dilatation transformation in [29] is denoted by D which we reserve here for
the curvature of the aµ connection.
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3.2 The Lifshitz Weyl Anomaly from the tCS Term
Denote the (2+1) on-shell HL gravity action by SHL. Using the developed machinery of
non-relativistic holography [26, 35], which started when Lifshitz and Schro¨dinger spacetime
solutions to relativistic actions of gravity were found [37–40], the variation of the on-shell
HL action at low energies and to leading order in the metric can be expressed in terms of
the TTNC geometry on the boundary
δSHL =
∫
d3x
√
g(0)T ijg
(0)
ij , (3.4)
where d3x ≡ dtdxdr and
√
g(0) = N (0)
√
h(0) is the metric in terms of the boundary lapse
and shift vectors and T ijgij is identified with the trace of the expectation value of the
boundary theory effective action W [N (0), h(0)ij ] coupled to a metric that is anisotropically
conformal to N (0)h(0)ij .
4 If the action SHL is Weyl-invariant as for example the one con-
structed in [29], then δSHL = 0 under the variations δN = zσN (0) and h
(0)
ij = 2σh
(0)
ij .
However, if we were to trust the machinery of non-relativistic holography especially for HL
gravity and asymptotically Lifshitz spacetimes, we have to be able to deal with a Weyl-
anomalous boundary theory and assume a non Weyl-invariant bulk theory of gravity with a
non-vanishing T ijg(0)ij = 2
〈
T tt
〉
+ 〈T xx 〉. Adding the tCS term to the on-shell gravity action
SHL is our way out. As we show below, under a Weyl transformation, the tCS term is
invariant up to a boundary term. If we assume the coefficient of the tCS term matches
that of the boundary Weyl anomaly, then it cancels with the variation of the bulk on-shell
action. More concretely, the variation of the on-shell bulk gravity action S = SHL + StCS
under a Weyl transformation with parameter σ(x, t) should be given by
δσS = δσStCS =
k
2pi
c2
∫
∂M
Tr[δa da] . (3.5)
Let us see how we do that. We set c3 = 0 in the NRSCS action and start by integrating out
the connection β in NRSCS action. The corresponding equation of motion is df = −2b∧ f .
Substituting this solution into the tCS term, we see that −τ ∧ df cancels with 2b ∧ τ ∧ f
such that the tCS term can be written as
LtCS [a] = 2c2 (a ∧ da) . (3.6)
In terms of differential forms, a variation of the torsion field a in StCS [a] gives
δStCS [a] =
k
2pi
c2
∫
M
Tr[δa ∧D] +
∫
∂M
Tr[δa da] , (3.7)
where k is the level of the NRSCS action. In components with coordinates (t, x, r), the
StCS [a] action reads
StCS [a] =
k
2pi
c2
∫
d3x µνρaµ∂νaρ . (3.8)
4To properly define an asymptotically Lifshitz spacetime, we assume the notion of anisotropic conformal
infinity of the D+1-dimensional Lifshitz geometry at r → 0 where there is an asymptotic codimension-one
foliation [41].
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The variation of the tCS action is then given by
δStCS [a] =
k
2pi
c2
∫
d3x µνρ [δaµ∂νaρ + aµ∂νδaρ]
=
k
2pi
c2
∫
d3x µνρ [δaµDνρ + ∂µ(aνδaρ)] (3.9)
Dµν = 0 is the equation of motion that minimizes the tCS action. The last term must be
set to zero on the boundary at r = 0. One choice is
(at −Nxax)
∣∣∣
r=0
= 0, N r = 0 , (3.10)
since by definition, at = Nxax +N rar. The other sets only at to zero
at = N
xax = 0 . (3.11)
The choice in (3.10) is however more general. Under infinitesimal local Weyl transformation
with parameter σ(x, t), the gauge connection aµ transforms as
δσa = dσ , (3.12)
and the tCS action varies by a the total derivative term
δσStCS [a] =
k
2pi
c2
∫
∂M
Tr(σda) (3.13)
In components, this becomes
aµ → aµ + ∂µσ
and
StCS → StCS + k
2pi
c2
∫
r=0
dxdt σ(∂tax − ∂xat) ,
which has precisely the same form of the (1+1)-dimensional Weyl anomaly in (2.21) and
(2.29) of the Lifshitz boundary theory. Thus, the bulk remains Weyl-invariant while the
boundary theory does not. We can then conclude that the tCS term added to a 3D Weyl-
invariant HL gravity action plays a role similar to what the gCS term plays when added
to a 3D diffeomorphism-invariant action. This is the main result of this paper. However,
it is important to observe that without knowing the exact value of the coefficient c2 and
matching it with that of the anomaly computed in an example Lifshitz field theory, for
example, using heat kernel methods, it would be difficult to claim the derivation is exact.
It stands to reason that we should be able to find the a ∧ da term in the parity-odd
sector of the cohomology of the relative Weyl operator in 2+1 dimensions. Indeed, we found
such a term in [3]. The term is given by
˜αβaαLn aβ = ˜xraxLn ar + ˜rxarLn ax
= ax∂tar − ar∂tax , (3.14)
where we have used that Ln ar = 1N (∂tar −N rLNr ar), ˜αβ = nγγαβ and at = 0. Now let
us show that a ∧ da can be expressed as (3.14). Let us start by expanding the a ∧ da in
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coordinate bases as a = aµ dxµ = ax dx + ar dr + at dt. The a ∧ da term can be expanded
as follows
a ∧ da = ijkai∂jak
= at (∂xar − ∂rax) dtdxdr − ax (∂tar − ∂rat) dxdrdt
+ ar (∂tax − ∂xat) drdxdt ,
where di dj dk ≡ di ∧ dj ∧ dk. The exterior derivative da is given by
a ∧ da = xrax∂tar
= ax∂tay − ar∂tax (3.15)
which matches the one given in (3.14).
4 The z = 1 Lifshitz Weyl Anomaly
In this section, we focus on the interesting case of the z = 1 Lifshitz Weyl anomaly. We will
illustrate that
〈
Tµ(e)µ
〉
can be interpreted as the scalar curvature of the dual Lorentz con-
nection 1-form in a two dimensional local gravity theory constructed in [31] with conformal
and Lorentz anomalies.
4.1 The z = 1 Lifshitz Weyl Anomaly as the Scalar Curvature of the Dual
Lorentz Connection
The authors in [3] revealed that the z = 1 (1+1)-dimensional Lifshitz Weyl anomaly is
the Weyl partner of the Lorentz anomaly in 1+1 CFT. The idea was to shift the Lorentz
anomaly of a 1 + 1-dimensional CFT to a foliation dependence, i.e. to a dependence on nµ
and rewrite the anomalous CFT quantum effective action in terms of nµ as follows
WLif[e
a
µ, t
a] ≡Wconf[−eaµna, eaµn˜a] = Wconf[−nµ, n˜µ], (4.1)
where nν and n˜a ≡ abnb are arbitrary foliation vectors aligned with the frame fields eaµ
which are defined for a relativistic spacetime as
gµνeaµe
b
ν = η
ab (4.2)
ηabe
a
µe
b
ν = gµν , (4.3)
where ηab is the flat metric in the two-dimensional tangent frame basis. The Lorentz spin
connection, in terms of eaµ, is defined as
ωµ
a
b = −ebν∇µeaν . (4.4)
and the connection 1-form ωµ is given by
ωµ = 
abωab,µ = 
ab∂µωab (4.5)
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It is well known [36] that in a 1+1 CFT with local Lorentz anomaly 5, for example, in a
chiral CFT, the Weyl anomaly has an extra term in addition to the Ricci scalar R. This
extra term is essentially how the Lorentz anomaly manifests itself in
〈
Tµ(e)µ
〉
taken as the
variation of WLif[eaµ] with respect to the viebein 1-forms eaµ. This additional term is a
total divergence of the Lorentz (spin) connection 1-forms ωµab defined in (4.4)〈
Tµ(e)µ
〉
= −2ab∇µωµab . (4.6)
After identifying local tangent frame i.e. the vielbeins with the foliation 1-forms
e0µ ≡ nµ, e1µ ≡ n˜µ , (4.7)
the authors in [3], were able to demonstrate that
〈
Tµ(e)µ
〉
is indeed the Weyl partner of the
Lorentz anomaly up to the coboundary terms (aρK + ∇˜ρK)〈
Tµ(e)µ
〉
= − 2aab∇µωµab
= −2a∇µ
(
abeaν∇µebν
)
= 4a˜ρ(Ln aρ + aρK + ∇˜ρK) ,
(4.8)
where ∇˜µ is the foliation-projected covariant derivative of a foliation-tangent tensor Vαβ .6
This identification essentially maps the Poicare-invariant tangent vector space of the rela-
tivistic spacetime manifold to Schro¨dinger-invariant (or Bargmann-invariant) tangent vec-
tor space of the TTNC spacetime manifold to which Lifshitz field theories naturally couple.
The original CFT effective action Wconf[eaµ] is technically no longer Lorentz-anomalous but
rather foliation-dependent and hence the physical content of
〈
Tµ(e)µ
〉
now reflects a Weyl
anomaly rather than a Lorentz anomaly. In other owrds, the anomalous local frame ro-
tations of Wconf[eaµ] is exchanged for anomalous Weyl transformations of the foliation in
Wconf[−nµ, n˜µ].
We now illustrate that the
〈
Tµ(e)µ
〉
is related to the scalar curvature of the dual Lorentz
connection 1-form of the local gravity action in [31]. In [31], a local action of two-dimensional
gravity was constructed out of the frame fields eaµ
W [eaµ] =
1
4
∫
d2x e T aµνT
µν
a (4.9)
=
1
4
∫
d2x e (∂µe
a
ν − ∂νeaµ) (∂µeaν − ∂νeaµ) ,
where e = det eaµ. Under a local conformal transformation δeaµ = σeaµ with infinitesimal
Weyl parameter σ, the action suffers a conformal anomaly R while under a local Lorentz
transformation δeaµ = χabebµ with infinitesimal Lorentz parameter χ, it has a Lorentz
anomaly U . Using (4.4) and the fact that the two-dimensional Levi-Civita tensor obeys
5A diffeomorphism anomaly in 1+1 CFT can be shifted to a local frame anomaly by a local counterterm.
6See equation 2.35 in [3] for a definition of the foliation-projected covariant derivative.
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ab + ba = 0, the Ricci scalar R can be expressed in terms of the curvature 2-form of the
Lorentz connection ω
R = dω , (4.10)
while the scalar U of the Lorentz anomaly can be expressed in terms of the curvature of
the dual Lorentz connection ?ω
U = d ? ω , (4.11)
where ? is the Hodge dual operator. If the Lorentz connection 1-form is expressed in terms
of ax and K as
ω = axdt+
K
N
dx (4.12)
then
∫
dω gives the foliation-projected decomposition of R (not to be confused with the
R(H) of the Weyl anomaly)
R =
∫
R =
∫
dtdxN
√
h
(
K2 +
1
N
∂tK +
(
∂xN
N
)2
− ∂
2
xN
N
)
. (4.13)
Similarly, if we define the dual Lorentz connection (which interestingly enough, only in two
dimensions is also a 1-form) as
? ω = axdx− K
N
dt , (4.14)
then
d ? ω =
(
∂tax +
1
N
(∂xK − axK)
)
dt ∧ dx , (4.15)
and hence
〈
Tµ(e)µ
〉
can be expressed as the scalar curvature 2-form d ? ω
U ≡
〈
Tµ(e)µ
〉
= 2∇µ(ωµ) = 2∇µ
(
abe
a
νT
bµν
)
. (4.16)
By comparing equations (4.16) with (4.8), we see that they have precisely the same form
when decomposed in terms of foliation geometry. Therefore, we see that the 1+1 Lifshitz
Weyl anomaly ˜ρLn aρ is directly related to the curvature scalar d ? ω of the dual Lorentz
connection (modulo the coboundary terms in (4.8) and (4.15)) when expressed in terms of
the foliation 1-forms in (4.7). We note that the same curvature scalar U of ?ω also appears
in the process of quantizing a non-local chiral gravity action which is known to have local
Weyl as well as Lorentz anomalies [42]. It was also pointed out in [42] that the gauge
group defined on the dual frame bundle related to ?ω connection 1-form is multiplication
by positive real numbers which is consistent with the Lie drag picture in Fig. 1.
More importantly, it was pointed out in [31] and [42] that U like R is also topological
invariant i.e.
λ =
∫
M
e d2xU +
∫
∂M
√
h dτ (boundary term) = topological invariant , (4.17)
where e is det eaµ. In fact, U was obtained from the index of a generalized Dirac operator
(see equation 28 in [31] and by using the conformal-Lorentz gauge, λ was expressed as the
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boundary integral of the divergence of a unit tangent vector in the conformal-Lorentz gauge
(here tangent to the spatial foliation leaf)
λ =
∫
∂M
dτ ∇µVˆ µ . (4.18)
The physical meaning of λ as a conserved boundary charge is still not clear but we will
discuss this observation further in Section 5 in light of recent progress in constructing
boundary conformal invariants of type-B anomalies.
4.2 Weyl Anomaly Cancellation in z = 1 Lifshitz Effective Action
In this section, we discuss how canceling the Weyl anomaly leads to an equations of motion
for a stationary chiral boson, which by solving, we obtain the Rindler metric. We then
use Darboux’s coordinates to explain how as a result of canceling the Weyl anomaly, the
cotangent bundle of the spacetime manifold is a symplectic manifold with a Hamiltonian
function.
To restore the local Weyl symmetry of the induced effective action, the Weyl anomaly
must be canceled such that ax becomes conserved. Insisting on the Weyl invariance of the
quantum effective action W [eaµ], amounts to satisfying the equation of motion in (2.21) or
(2.22) by putting appropriate boundary conditions on ∂tN at the spatial boundaries. The
Weyl anomaly in (2.20) and (2.21) assumes a zero shift vector Nx = 0. If Nx = 0, then the
equation of motion is simply given by
∂t∂xN = 0 . (4.19)
Since, physically, the Weyl anomaly represents a time-dependent acceleration, or a non-
uniform gravitational field where energy is not conserved, restoring local Weyl invariance
in the effective action is tantamount to having observers with constant, i.e. uniform proper
acceleration in flat spacetime or having a uniform gravitational field where energy is con-
served. This necessarily means getting rid of the time dependence of the lapse function
N(x, t). Mathematically speaking, restoring local Weyl symmetry requires making aµ a
closed 1-form, i.e. a flat connection da = 0 with zero curvature Dµν = 0.
A natural question to ask is what the implications are of having a time-independent
lapse function, one that only depends on the spatial coordinates N(x). After all, in a
projectable HL gravity theory, the lapse function is either only time-dependent N(t) or
time and spatially-dependent N(x, t) in the non-projectable version. So, what does it mean
to have time-independent lapse function as a result of canceling of the z = 1 Lifshitz Weyl
anomaly? We will comment on this peculiarity at the end of this section.
The equation of motion in (4.19) is that of a stationary 1+1 gravitational chiral boson
whose general solution of (4.19) is given by
N(x, t) = N1(x) +N2(t) . (4.20)
Imposing the boundary condition ∂tN = 0 at the spatial boundaries i.e. the spatial leaves
of the foliation, necessarily means eliminating the N2(t) gauge degree of freedom and there-
fore (4.19) is automatically satisfied. By putting a boundary condition that sets ∂tN to
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zero at the spatial boundaries, the Weyl anomaly is canceled and as a result, ax becomes
the conserved charge of the local Weyl gauge symmetry. A spatially-dependent lapse func-
tion N(x) then gives a family of arbitrary time-independent solutions each of which on a
hypersurface of constant time t. Choosing N(x) to be linear is a particularly important
choice of coordinates, since with this choice and hxx = 1, the background spacetime metric
in ADM coordinates becomes
ds2 = −(αx)2 dt2 + dx2 . (4.21)
which is the Rindler metric of a hyperbolically accelerated reference frame with coordinates
(x, t) with rapidity η = αt. If we label the flat Minkowski spacetime coordinates by (X,T )
and choose Rindler observer with constant proper acceleration α = 1 and proper time τ
equal to coordinate time t, then (X,T ) are related to Rindler coordinates by the following
transformations
T = x sinh(t), X = x cosh(t) . (4.22)
These linear transformations preserve the hyperbolae X2−T 2 = N2(x) = x2 which describe
the worldlines of a family of Rindler observers at rest for fixed x. These transformations can
be represented by elements of the one-parameter group of Lorentz boosts SO+(1, 1) with
boost parameter η = αt. An element in SO+(1, 1) is represented by a 2× 2 real matrix
M(η) =
[
cosh(η) sinh(η)
sinh(η) cosh(η)
]
. (4.23)
In light-cone coordinates, U = X + T, V = X − T , M(η) is diagonalized
M(η) =
[
eη 0
0 e−η
]
, (4.24)
such that area U ∗ V = X2 − T 2 of the hyperbola is preserved. Therefore, the group
SO+(1, 1), in addition to being the group of Lorentz boosts in 1+1 dimensions is also the
group of scale (actually squeeze) transformations that preserve the area U ∗ V of the hy-
perbolic worldline of a Rindler observer at a fixed x = x0.
If we define a frame fields e0 and e1 as
e0 = x dt, e1 = dx , (4.25)
which in terms of the dual basis vector field, is given by
nt =
1
x
∂t, n
x = ∂x , (4.26)
then the unit timelike vector nµ defines integral curves consisting of the world lines of a
family of Rindler observers each at fixed x = x0. For each such observer, nt is a Killing
vector of the Rindler metric which, when expressed in Minkowski coordinates, becomes the
generator of Lorentz boosts in the X-direction
∂t = (∂tT )∂T + (∂tX)∂X = X∂T + T∂X . (4.27)
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Since the Lie derivative of the torsion vector aµ along nµ after canceling the Weyl anomaly
is now Ln aµ = 0, aµ is conserved and nµ satisfies the Frobenius condition n∧ dn = 0. It is
interesting to note that the vorticity-free condition of the worldlines of Rindler observers i.e.
the vanishing of the rotation tensor in the Raychaudhuri equation, is the twistless torsion
condition in equation (6.8) of [25].
Some comments are in place. First, we observe that by making the lapse function time-
independent, we have eliminated the extra foliation degree of freedom in HL gravity theories
which as a result become Weyl-invariant [23]. To understand the consequence of canceling
the Weyl anomaly a bit further, we use Darboux’s theorem to show that the cotangent
bundle of the flat spacetime is a symplectic manifold with a Hamiltonian function N(x) = x
of a Hamiltonian vector field nµ which is we what should expect anyway. Starting from
the Frobenius condition, one can define local Darboux coordinates on a two-dimensional
manifold M with a 1-form nµ
n = x dt . (4.28)
Taking the exterior derivative of n gives the symplectic 2-from R(H) on M
R(H) = dn = dx ∧ dt . (4.29)
since Rxt(H) = ∂xN = 1 by definition. Furthermore, using Cartan’s formula, one can
formally show that the Lie derivative of R(H) vanishes
LnR(H) = 0⇔ d(ιnR(H)) + ιndR(H) = d(dN) + dR(H) = 0 , (4.30)
where ιn is the interior product, dR(H) = 0 is automatically satisfied on a 2-dimensional
manifold, ιnR(H) = dN = dx, d(dN(nµ)) and d(dx( 1x∂t)) = 0 essentially means that
R(nµ, nµ) = 0. Hence, by choosing N(x) = x, we have made the Hamiltonian constant
along flow lines as we explained before. Thus, as a result of canceling the local Weyl
anomaly in a z = 1 (1+1)-dimensional Lifshitz field theory, the cotangent bundle of the
spacetime manifold is a symplectic manifold with a Hamiltonian function N(x) = x and a
Hamiltonian vector field nµ.
5 Discussion and Outlook
5.1 Edge Physics of the NRSCS Action
It is well known that the Floreannini-Jackiw (FJ) action [43] describes massless chiral self-
dual edge bosons for the Abelian Laughlin fractional quantum Hall (FQH) state [44–46]. In
fact, it is the Wess-Zumino-Witten (WZW) low-energy boundary CS action for the Laughlin
state. The local FJ action is given by
SFJ =
∫
dt dx ∂tφ∂xφ− vx(∂xφ)2 , (5.1)
with equation of motion
∂t∂xφ− vx∂2xN = ∂tρ(x, t)− vx∂xρ(x, t) = 0 , (5.2)
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where ρ(x, t) ≡ ∂xφ(x, t) is the chiral boson excitation expressed as spatial derivative of
the gauge degree of freedom φ(x). This equation has solutions of the form φ(x + vt)
which describes a chiral wave propagating with constant velocity vx. Replacing φ(x, t) with
N(x, t), ρ(x, t) with Rxt(x, t) and vx with a constant Nx, the FJ action becomes
SFJ =
∫
dt dx ∂tN∂xN −Nx(∂xN)2 , (5.3)
with an equation of motion
∂tRxt(H)−Nx∂xRxt(H) = 0 . (5.4)
We observe that while the first term of (5.4) is the 1+1 Lifshitz Weyl anomaly, a trivial
descent cocycle in the parity-odd, mixed-derivative sector of the cohomology of the Lifshitz
Weyl operator, the second term ∂xRxt(H) is a coboundary term that belongs to the parity-
even two-spatial derivatives sector. It is interesting to note, as pointed out in [47], that in
the FJ action, it is as if the chiral boson is propagating in curved spacetime with background
metric Nx.
Note that in deriving the boundary CS action in (5.1) from the tCS action (3.6), one
usually works in Galilean-boosted coordinates where the temporal component of the gauge
field at is set to zero (see equations 6.7-6.9 in [46]. By doing so, one also sets the velocity
of the chiral boson Nx to zero and hence the chiral boson ρ(x, t) is stationary, i.e. with
equation of motion ∂tρ(x, t) = 0. Analogously, in the process of making the TTNC geometry
dynamical, there is complete freedom in deciding the value of at = Nxax+N rar which fixes
the special conformal transformation in the SL(2, R) subgroup of the Schro¨dinger algebra
[25]. Choosing Nx = N r = 0 directly produces the Lifshitz Weyl anomaly in (2.21). On
the other hand, setting only N r = 0 with a constant Nx amounts to a boundary condition
where at = Nxax which then adds the coboundary term (∂xN)2 to (5.4) and gives the FJ
action in (5.1). We would like to further understand the relationship, if any, between the
Weyl anomaly of the the z = 1 Lifshitz theory and the FJ action in the context of the
FQHE.
5.2 Anomaly Cancellation by Anomaly Inflow
In light of the previous discussion and deriving the 1+1 Lifshitz Weyl anomaly from a 3D
non-relativistic Abelian tCS action in Section (3) leads one naturally to wonder if the Weyl
anomaly is actually somehow related to chiral edge states of a FQH theory. We discuss
this possibility here. According to the classification in [48, 49], four distinct CS terms can
appear in the low-energy effective action of the QH state for a microscopic theory with the
following symmetries: (1) U(1) gauge transformations, (2) general covariance, and (3) local
SO(2) rotations. Written in terms of differential forms, the four CS terms are
SCS =
ν
4pi
∫
M
A ∧ dA+ 2s¯A ∧ dω + s2ω ∧ dω + c
96pi
∫
M
Γ ∧ Γ ∧ Γ , (5.5)
where Γµν ≡ Γµνρdxρ. The first term is the U(1) electromagnetic Hall conductance term,
while the second and third are known as theWen-Zee terms, and the last is the gravitational
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Chern-Simons (gCS). On a manifoldM with a boundary, the four CS terms appearing in
SCS defined above are no longer invariant gauge-invariant because boundary terms spoil
gauge-invariance. According to [49], there are then two possibilities for each CS term: (1)
it represents a relevant anomaly of the low-energy effective action that cannot be canceled
by adding local boundary terms, or (2) it is a trivial anomaly which can be canceled by
adding local boundary terms. The electromagnetic Hall conductance and relativistic gCS
terms belong to the first. The electromagnetic pure CS term can thus be made invariant
as follows
δσSedge = −δσSbulk = −k
∫
∂M
d2xσ αβ∂αAβ , (5.6)
where σ is the gauge transformation parameter. This is an example of anomaly inflow
[50] where there is an influx of charge into the boundary where they are absorbed by the
anomalous gapless edge modes and as a result, the anomaly of the boundary theory gets
canceled by the total derivative term of a CS action. The Lifshitz Weyl is precisely of that
nature
δσWedge = −δσStCS = −k
∫
∂M
√
h N σ dtdx
(
ij ∂iaj
)
.
Since the (1+1) Lifshitz Weyl anomaly, as we discussed in Section 2.3 is non-trivial, in the
sense that it cannot be canceled by a local boundary term, then according the classification
by [49], it belongs to the first class. Thus, if the microscopic theory of the Abelian QH state,
in addition to having the three symmetries in (5.5), is also symmetric under anisotropic
local Weyl transformations such that Wedge + StCS is Weyl-invariant, could the boundary
tCS term a ∧ da represent a new kind of torsional anomaly inflow where torsional (or
gravitational) degrees of freedom flow into the Weyl-anomalous boundary Lifshitz effective
action? If so, what universal quantity, if any, does the coefficient of the tCS action represent?
More importantly, is there is a physical scale-invariant FQH system? Does the NRSCS
action contain the two WZ terms in (5.5)? We leave these questions for future work.
Another related topic where anomaly cancellation by anomaly inflow is relevant is the
thermal Hall effect. In [51], it was shown that the thermal Hall current does not vanish in
equilibrium and hence, Luttinger’s idea of coupling the system to a uniform gravitational
field that such that the gravitational potential gradient exactly balances out the energy flux
induced by a thermal gradient cannot be used and thus the thermal Hall conductance can
not be determined by its gravitational counterpart as it was argued before in [52]. In other
words, it was argued in [51] that a uniform gravitational field can not induce a bulk thermal
current and thermal energy must therefore be carried entirely by the (1 + 1)-dimensional
edge modes. The relationship the we did in to what we did in Section (4.2), is to observe
that as a result of canceling the Weyl anomaly and restoring Weyl invariance, the system is
in equilibrium. In fact, if we choose the lapse function N = eψ = x such that ax = ∂xψ = 1x
and the Luttinger potential Φ(x) = ψ(x) = log(x), then
N(x)∂xax = −∂xΦ(x) , (5.7)
1
T
∂T
∂x
= −∂Φ
∂x
. (5.8)
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if we identify the lapse function with inverse temperature and the torsion with the temper-
ature gradient
N(x) = β(x) =
1
T (x)
= x, ax = T (x) =
1
x
. (5.9)
More relevant to the work in this paper is the work in [53] where a non-relativistic analogue
of part of the work in [51] was introduced. The authors in [53] coupled a (2+1)-dimensional
non-relativistic field theory to a NC geometry with torsion.7 However, since TTNC ge-
ometry only couples to the energy density, they turned on the spatial components of the
timelike vector field nµ and nµ to couple to the energy current.8 They proceeded then to
construct the most general partition function with time-independent, local space and time
translations and gauge symmetries. Using the Euclidean path integral to calculate the par-
tition function, the authors in [53] derived an expression for the thermal current. However,
they did not discuss the possibility of Weyl-anomalous effective actions in the context of
their work as was done in [51] where it was shown how the gravitational anomaly of the
boundary-induced effective action can be canceled by the inflow of the spatial and tempo-
ral components of the bulk energy-momentum tensor computed from the three-dimensional
gCS term (5.5). Similarly, understanding the nature of this inflow requires calculating the
operator conjugate to aµ in the bulk which we leave for future work.
Anomaly inflow has also been used to cancel the gravitational anomaly of a chiral field
theory and obtain the Hawking radiation as was first discussed in [54] in order who further
explored the relationship between Weyl anomalies and the thermal flux of the Hawking
radiation as pointed out in [55]. Using anomaly inflow, the authors in [54] found that the
influx required to cancel the gravitational anomaly at the horizon is proportional to T 2 with
T = κ2pi which is blackbody radiation with the Hawking temperature. This is interesting
since, if we assume the field theory near the black hole horizon is the action in (4.9), then
according to the discussion in Sections 4.1 and 4.2, canceling the Lorentz anomaly of this
theory (which we recall can always be traded for a diffeomorphism anomaly by a local
counterterm), is equivalent to canceling the Weyl anomaly in a z = 1 (1+1) Lifshitz theory.
5.3 Boundary Conformal Charges
Recently, there has been some activity in constructing boundary conformal charges of type-
B anomalies which are known to be Weyl-invariant densities i.e. constructed from the
Weyl tensor and its covariant derivatives [56]. The boundary terms corresponding to the
integrated anomalies are of Gibbons-Hawking-York (GHY) type, the boundary term that
must be added to the Einstein-Hilbert action to compensate for the normal variation of the
metric on the boundary and thus have valid variational principle. All the Weyl anomalies
of Lifshitz field theories found in [3] are type B including the one we discussed in this paper.
What is interesting about the 1+1 Weyl anomaly we study here, is that although it is type-
B in a Lifshitz field theory, it is related to the dual of a type-A anomaly, the Ricci scalar,
whose integral gives the Euler characteristic of the 2-manifold. In addition, the integral of
7Note that in [53], the torsion tensor is the curvature in the Hamiltonian Rxt(H) = ∂xψeψ
8As noted in [17], turning on the spatial components of the 1-form nν does not violate the Frobenius
condition.
– 24 –
the Weyl anomaly over the boundary gives a topological invariant (4.18). We would like to
understand this relationship further as well as the nature of the boundary terms in (4.18)
within the context of the discussion in [56–58] especially Section 3 in [58] where a comparison
between the boundary term of the Einstein-Hilbert action and the standard GHY term has
been shown to involve time derivatives of the lapse and shift functions. However, one can
perhaps use the duality between the Ricci scalar R and its dual U to make a speculation
as to what this topological invariant intuitively means. The foliation decomposition of R
in 1+1 dimensions involve terms with two temporal and two spatial derivatives. The GHY
boundary term corresponding to R is the trace of the extrinsic curvature (in the conformal
gauge)
χ =
∫
M
d2x eR+
∫
∂M
dτ
√
h (boundary term) =
∫
∂M
dτ
√
h ∂µn˜
µ , (5.10)
where χ is the Euler characteristic of the 2-manifold and n˜µ is a unit normal vector. Anal-
ogously, when U is projected onto the foliation, it involves terms with mixed temporal and
spatial derivatives while its corresponding boundary term is the divergence of a unit tangent
vector Vˆ µ (4.18). A foliation-tangent vector we have at our disposal in 1+1 dimensions is
the x-component of the acceleration ax. Therefore, one can speculate that the boundary
term corresponding to this new topological invariant may be related to ax.
For future work, constructing a concrete example of z ≥ 1 FPD-invariant (1+1)-
dimensional Lifshitz field theory from which the Weyl anomaly discussed in this paper
can be explicitly derived using heat kernel methods is important for a deeper understand-
ing of the physics associated with this anomaly as well as the bulk theory. We only hope
that the anomaly coefficient does not vanish after all.
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